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Introduction

Introduction: The twin peaks literature

I Quah (1996, 1997) introduced the “twin peaks” and the
“convergence clubs” discussions in the convergence literature.

His
concern was that the convergence literature was capturing inequality
concepts that are not amenable for the description and
identification of multimodality and ”club” behaviour in the world
income distribution.

I Since then many papers provided methods and empirical analysis,
sometimes for the world (e.g. Ziesemer, 2004), sometimes for
regions or countries (e.g. Bandyopadhyay, 2011).

I Some methods include kernel estimation of transition matrices and
ergodic distributions (e.g. Pearlman, 2003; Bandyopadhyay, 2011)
with and without conditioning, others mixture models and
goodness-of-fit methods (e.g. Holzmann et al. 2007).
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Introduction

Critique of this literature

I No doubt this literature provides some interesting answers to
relevant questions.

I However in some cases there may not be enough “value for
money” vis-a-vis easier methods with potentially higher
pay-off.

I In particular we believe that, for some questions, the
convergence literature would benefit from the application of
concepts and measurements of bipolarization and
multi-polarization from the distributional analysis literature.
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Introduction: Bipolarization and polarization literature

I (Continuous) polarization literature starts with Esteban and Ray
(1994), Duclos et al. (2004), Anderson (2011), etc.

I (Continuous) bipolarization literature focuses on bimodality (or lack
thereof) and starts with Foster and Wolfson (1992, 2010), and
Wolfson (1994), followed by Wang and Tsui (2000), Esteban et al.
(2007); Deutsch et al. (2007); Bossert and Schworm (2008); Lasso
de la Vega et al. (2010); Chakravarty and D’Ambrosio (2010); and
Yalonetzky (2014).

I All these contributions rely on axiomatic foundations that help
describe what bipolarization or polarization ”look like” directly,
without having to perform kernel estimations, mixture models, etc.
This literature has produced both indices for full rankings and
pre-ordering conditions for robust assessments.

I Bipolarization would be particularly suited for the assessment of
twin peaks in the world income distribution.
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Introduction: the key axioms of bipolarization
measurement

I Bipolarization captures the degree to which societies may
develop bimodal distributions with modes above and below
the median.

I Any progressive transfer that brings two people on different
sides of the median closer together is deemed to reduce
bipolarization.

I Any progressive transfer that brings two people on the same
side of the median closer together is meant to increase
bipolarization.
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Introduction: This paper’s contribution

1. We study the trends in bipolarization of the world income
distribution between 1970 and 2010 in five-year intervals.

2. We compute several bipolarization indices, and also compute
relative bipolarization Lorenz (RBL) curves (Yalonetzky, 2014) in
order to identify the presence of robust bipolarization rankings (or
lack thereof).

3. We also provide a minor contribution with two new indices: one a
member of one of the Wang and Tsui (2000) families, and another
one a correction of the Foster-Wolfson index.

4. We find that 1970 was robustly less ”twin-peaky” than every other
year except 1975. We also find that 1980 was robustly less
bipolarized than 1990. Otherwise all the other pairwise comparisons
cannot be ranked.

5. In terms of indices, we find a consistent increase in bipolarization
between 1970 and 1995, followed by a flat trend ever since.
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The organization of the rest of this presentation

I Notation and preliminaries.

I Definitions and desirable properties.

I Bipolarization pre-orderings based on relative bipolarization Lorenz (RBL)
curve.

I Indices of bipolarization.

I Data details.

I Results.

I Concluding remarks.
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Notation and preliminaries

Notation

yi is a non-negative continuous variable for individual i from
distribution Y . There are N individuals and the population can be
divided into two halves.

The bottom half with y ≤ m (where m is the median) belongs to
the subset NL and the top half with y ≥ m belongs to the subset
NU . Individuals are ranked the following way:

yL
N
2

≤ yL
N
2
−1
≤ ...yL

2 ≤ yL
1 ≤ m ≤ yU

1 ≤ yU
2 ... ≤ yU

N
2
−1
≤ yU

N
2
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Definitions and desirable properties

Definitions

Spread-decreasing Pigou-Dalton (SDPD) transfer: X is obtained from Y
by an SDPD transfer if there is a pair of individuals (i , j) such that
i ∈ NU , j ∈ NL, xU

i = yU
i − δ, xL

j = yL
j + δ, for δ > 0, xU

i ≥ m ≥ xL
j , and

xk = yk∀k 6= (i , j).

Bipolarization-increasing Pigou-Dalton (BIPD) transfer: X is obtained
from Y by a BIPD transfer if there is a pair of individuals (i , j) such that
i , j ∈ NU ∨ i , j ∈ NL, yi > yj xi = yi − δ, xj = yj + δ, for δ > 0, xi ≥ xj ,
and xk = yk∀k 6= (i , j).

Minimum bipolarization (MIN): Y exhibits minimum bipolarization if and
only if: yi = m ∀i ∈ N.

Maximum relative bipolarization (MAX): Y exhibits maximum relative
bipolarization if and only if: yi = 0 ∀i ∈ NL ∧ yj = 2m ∀j ∈ NU .
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Desirable properties

A bipolarization index is defined: I(X ) : RN
+ → R+. Although the

bipolarization indices considered in the paper map onto the real
interval [0, 1].

Besides symmetry (SYM), population replication (POP), and scale
invariance (SC), the following key axioms are considered:

I SPREAD: If X is obtained from Y by an SDPD transfer, then
I(X ) < I(Y ).

I CLU: If X is obtained from Y by a BIPD transfer, then
I(X ) > I(Y ).

I NORM: a) I(X ) = 0 if and only if X shows MIN; b)
I(X ) = 1 if and only if X shows MAX.
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The RBL curve

Introduced by Yalonetzky (2014):

ψ(p) =

∫ p
0 [yH(q)− yL(q)]dq

µ
; p ∈ [0, 0.5]
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Bipolarization orderings based on RBL indices

The RBL ordering

RBL pre-ordering: ψA(p) ≥ ψB(p) ∀p and ∃p|ψA(p) > ψB(p), if
and only if distribution A exhibits more relative bipolarization than

distribution B according to any relative bipolarization index
satisfying SYM, POP, SC, SPREAD and CLU.



Relative bipolarization indices used

A corrected version of the Foster-Wolfson index

Foster and Wolfson (1992, 2010) proposed one of the first relative
bipolarization indices:

FT ≡ (GB − GW )
µ

m

Unfortunately FT does not really fulfill the bipolarization axioms!
But with a minor adjustment we get a simpler index that works
well:

FT ≡ GB − GW
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A new bipolarization index from a family by Wang and
Tsui (2000)

Wang and Tsui (2000) proposed a couple of innovative families of
bipolarization indices.

One of their families (their PN
1 (x)) is:

WT ≡ 1

N
[

N
2∑
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aiy
L
i +

N
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biy
U
i ]

Wang and Tsui (2000) show that (WT ) fulfills SPREAD and CLU
if and only if:

a1 < a2 < ... < aN
2
< 0 < bN
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2
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Even though Wang and Tsui do not discuss or impose NORM for
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A new bipolarization index from a family by Wang and
Tsui (2000)

These constraints on ai and bi can be satisfied with many choices.

For instance:

bi =
4[N2 − i + 1]

µU [N2 + 1]
and ai = −bi ∀i ∈ [1,

N

2
]

We use this index in the estimations.
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Relative bipolarization indices used

The Deutsch-Silber-Hanoka (DHS) index

We also compute the bipolarization index proposed by Deutsch et
al. (2007):

DHS ≡ GB − GW

GB + GW



Twin peaks in the world´s income distribution?

Data

Data sources and details

I Penn World Tables, version 7.0

I 159 countries with complete information available since 1970,
distributed by regions as follows:

1. Africa: 50
2. America: 37
3. Asia-Australia: 47
4. Europe: 25

I Income variable: PPP converted GDP Per Capita (Chain Series), at
2005 constant prices, international dollar per person.
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Concluding remarks

I Our results are consistent with the findings of a part of the
literature (using alternative methods).

I But we believe a bipolarization approach delivers more “value
for money” for twin-peaks assessment (more coherent, much
less demanding empirically, etc.).

I For “multi-peak” assessments a more general polarization
approach, or existing methods may be more appropriate.

I We also believe that an important (yet hitherto neglected)
advantage of the indices and pre-orderings used in this paper
is that the computation of the median becomes unnecessary.
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